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ABSTRACT

The contribution of diagrams with fermion three
vertex loops in lowest (fourth) order of electroweak
perturbation theory to the muon anomalous magnetic

moment has been calculated. It reaches
—{17.1/sin28 - 10 "' {without guarks in the Termion
|-LH_]-]']_I and has lo be taken info account for ekperi-
ments with accuracy ~10 ', One and two loop con-
tributions of possible scalars and pseudoscalars to the
magnetic moment are analyzed. Upper limils on their

coupling constants are found for light and heavy par-
ticles. Their contribution te the reaction e™e —2y 1s
presented.
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For a long time the anomalous magnetic moment of the muon a,
is of nondiminishing interest for theoreticians and experimentalists.
Besides of electromagnetic inleractions a, is sensitive also to strong
and weak interactions due to its not too small mass scale. Pre-
sently, the calculated electromagnetic, strong and weak contribu-
tions to a, allow to define its value properly up to 9 digits. A lot ol
efforts has been made to extend the accuracy to 10 digits. The con-
tribution of electromagnetic interactions, completed up to 8th order
of perturbation theory [1] gives the following result:

2 3 4
a,(QED) =0.5% —0.766 [i) 1+24,1 (i) 41929 (i) A
1 L | e JL H
— 1165848108 (42)(28) - 102 (1)

The hadronic [2] and weak [3] contributions are estimated as

a, (had) =6940(142) - 10~"",

a, (weak) =195(1)-10 """, (2)
For a,(weak) a not too small Higgs mass (my=5 GeV) is

assumed, the error does not contain also higher order corrections.
The diiference between the theoretical value

i, (theor) =a, -:jQFiD} +ay (had) -t a, owveak) (3)

and the most precise experimental measurement [4] vanishes within
experimental and theoretical errors : :



a, (exp) — a, (theor) =35(85) - 10 " (4)

showing no signal of new physics.

The situation for @, may change for an experimental accuracy of
order ~10 '". Such an accuracy requires the inclusion of two loop
corrections to a,(weak) arising in particular from fermionic anoma-
lies. Possible «exotic» particles can also contribute to a, in one and
two loop approximation.

In the presenlt work we calculate the correction to the weak part
of the muon magnetic moment arising from [ermionic anomalies
(two loop approximation). We present the corresponding contribu-
tions for scalars and pseudoscalars known already in one loop.
Comparing their values to the improved a, (weak) and the relation
(4) upper limits on the coupling constants are found for light and
heavy particles.

We represent the vertex function of the muon V" in terms of the
Dirac [(k*) and Pauli ¢(k”) form factors:

Vi(p2, 1, k) = u(p2) TP (R) w(pr)

[ (k) =v"f (k) + 4—’- (ky" —y"k) ¢ (k%) (
1

wn

where p?zp%zyf, é\zk,n;”, kR==ps—p;, n is the muon mass. The
value of the Pauli form factor at #*=0 defines its anomalous mag-
netic moment

¢(0) =a= —_L g—==a®@ oy (6)

In the lowest order of perturbation theory the contribution of elect-

romagnetic interactions has been calculated by Schwinger already
in 1952: ' |

al=—=. (7)

This value corresponds to an one loop diagram, with a virtual pho-
ton (Fig. l,a). The one loop diagrams of standard electroweak
theory with Z°- and W-boson .are shown in Fig. 1,b,c resulting in
the contributions to the muon magnetic moment
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g {;-"“’2 ! (& f . 2. 2 e
U e (Lt asim B o0k 1y ! (8)

with 0 the Weisberg angle. To obtain the numbers of eq. (8). we
have used G =1.1664-10 ° GeV? and sin%@ w=0:226.

‘
Fig. 1. One loop vertex diagrams.
Assuming the following Lagrangian interaction parts of scalar
[4, 5], pseudoscalar [6], massive vector [5,7] and axial ‘vector
(Fig. l,c.d,ef) particles to fermions
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4n :
‘ we present here, lor completeness, the corresponding one loop
results (M;—particle masses)
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The interaction amplitude of two vector particles with momenta
ky and k2 with an axial vector or pseudoscalar particle of momen-
tum k3 are described in the lowest order by Feynman diagrams with
triangular fermion loops (m —loop Termion mass)

agagr

leading to the definition of tensors
Raon (R1, ko, fag‘}:ZH d'k Spl(k+ f?l—m ~ o (b —m) 'y, (E— s —m) " "puvsl

1
Rdx Xl —x)i{4—ux) : (10)
0

Raop(R1, ko, k3) =25 d*R Spllk+k —m) 'y, (k—m)~ ‘o (B —hka—m) " 'ys} |
b A By Y genll (11)

Ropn and Rg, have been calculated by Adler and Rosenberg [8]:

Ropu (R1, ko, R3) = Ay (k. ka) k| &opn + Aalk, #2‘] ki, k'ski'.'ggm_u{—
—{—;"14 ki, 2} fﬁgpk fdg Erran 1 IrfE:ﬂ—hffg o0} ,

Ir'l?..-_r|x,{k| kg f‘ﬂ‘ﬂ—-B{k; ;E].kzl' Ejap {12}
with
Ai (k1 ke) = kikeAs (k1. ko) + k3A 4 (k1 ka)

Aslki, ko) = — 160" 1, (ky, ko) ,

6

31.1 {k], kg} — |ﬁ."l,2[fg[]{f€|, fﬂg]l —f',n [.Jr—:*,i, fi’g” :

B (ky, ko) =8mn’loo (ky, ko) (13)
and
i 1—ux
J'r.qe":»"ﬂl\ff:z}-_—g dx, S dxs xi X5,
fl 0
[x0 (1 —x1) R xo (1 —x2) RS+ 2R Ry x1x3—m?] . (14)

A similar calculation in the lowest order for the amplitude with two
vector and a scalar particle leads to

Sup (1, ko, k3) =2\ d'k Sp{(k+ky—m) 'y, (k—m)~ S R

et

=8n mi (k] ko — Rikag ") | oo (Ry, k2) — 41 (fct,fag}] ) (15)

The two loop contribution to a, of diagrams with fermion loop,
virtual photon and axial vector (Fig. 2) can be calculated as lol-

{\'1 ki

Fig. 2. Two loop diagrams with three verlex fermion loops.
lows. The corresponding part in the vertex function V" is propor-
tional to

. [j-—]jlg Ak Ry (Rl 81— K] (gw“_ kuk!_)1

£ (k" — M) M3
oy PO s | WY (P—ktp) v ]
£ u(p) (16
(p2) [ k) e = T B () )

where the faclor (—1) comes from the fermion loop of R, To cal-
culate ¢ (k) at k=0 it is sulficient to consider the limit of small

|k1| < |k|. In this limit the tensor R,,, simplifies to the expres-
sion



|

Rapu (1, b, — k| =4z { % {2k ik R s) -
JRTm,
[l

X’H 5

AR 1R G — kol ) B sl o Wit T (17) .

To ‘integrate over d'k we parametrize the denominators as

follows:

|

I i
e R S = (dx ij(m - oo ARHNERR D
(k™4 2pk) Rk — 4a{k —m, A J J J | (B +p 1l —x2))°— M|
i

with . -
M2 = 32(1 — x2) 2+ MPx xaxs 4+ m s (1 — ) (19)

and perform the integrations with the formulae

in® (B2—MH* &M’

e =

) I'.'[H ,Rz H'JJI 4 ],l-”_r .

S qu I ] E _L_ILE Illl'!nl'l?n; _;L',rlll.'

We note that the heavy boson propagator part ~kuk,/ M3 in (16)
leads to nonzero contributions for different fermions in the [ermion
loop due to the Adler relation [8]

— kM Ropu \R1, R, — Ry —k)=2mR,;, (ki k, — Ry — k) —|—8:1;3sz|;'!2—|—£:|_‘_|‘-agm!..
However, the first part in tht r.h.s. leads to a numerically small
contribution to a, ~(mu/M?)* M,>n, m. Taking into account all
leptons and quarks in the fermion loop the total sum of all
contributions vanishes. This fact is known in the standard model as
cancellation ol anomalies. Therelore, for a heavy axial vector we
neglect the part ~k,/k, /M% of the boson propagator.
Using the properties of the Dirac matrices

SP{YryeYovuvs) =4 €2y, eoqz=1;

z ? "Fmru —!Vr |4ruqf1'qu _ﬂflsqt}r?r'-_:'

and selecting the structure according to the Pauli form factor (5)
we obtain

fi a | 1 |
A ae s & 2a (L) | dx{ dxal dxsxaf(10—6x3) L,—2(1 —x3) Q). (20)

I ] 8 1'1":[ A 0} 0 0

s
fikse (14&@) IS4V 8. P,
\: pe(l —ux3)°
: * 3 {1 —xp) l
Qs [ 1420 om e s J . 21
¢ ( £ Pl e g G T )
A * . M? XoX:
For an electron in the fermion loop we - —|—lr1T2-;—ﬁ
13 WL —— A3,
and Q=1 and the integration in (20) can be carried out completely
aff = —2% % (L ) (3inZa42). (22)
nom M, 1 1
Using -
= A E M e M=019 GeV, (23)
4 sin” (20 ) 3

we obtain the two loop Lnntrlbutmn to ay,(weak) for an electron in
the fermion loop

ﬂj:’.;]l'.u:_r.'z..:_1{}.4-”] 3 (24)

The contribution of muon, t-lepton and {-quark (mass 100 GeV,
without color and quark Lhdrge Q:=e), obtained numerically, are
given as follows:

(—)(8.12,4.26,0.221)-10~"", (25)

For heavy scalar and pseudoscalar particles we obtain similarly

l
7y ’ 4" T L e L ! i !
BE == 29550 (L) \a‘x l '}'“:1 X 5 dxs S dxzxsl = — r:.csﬂjf', (26)

byl M . ¥ . 0

3 ! |

al! =2%2p (JL) S"*'—*‘*' \ dx, gmn TR e (27)
T M, Xt
3 g 0
An extra factor
R=2= 2 (28)
) i .

compared to the one loop contribution (10) appears in
eqs (26), (27). For loop fermion masses much larger than the
muon mass (e. g. v, {) the factor R is not small and one and two

9



loop results are expected to be of the same order.
In the limit M;>p and m>p eqs (26), (27) reduce to

i4) 1 = | M2 .
A§| .“r15:<‘s>|J: __R (_'E'_") Sdz ) Fis 2 In (-—.-.-..‘;E-. [I _'_ZE;I)T
" i Mg 2 b s Am 4
M3
.) l
(4] 2 7 1 M2 :
AdrT. ..t (L) Sd"f !n( B A 31) 99
e palli " M, S oz (k=27 | (29)
0 —2 — —
Mg

,Tables | and 2 present numerical results on A¢, and the ratio
Asp/Asp for several masses Ms, and loop fermion masses m. We
notice that for not too small masses m and Mg, the two loop con-
tribution are not neglectable compared to the one loop ones. Suppo-
sing all uncertainty in (4) arises irom contribution of heavy «exo-
tic» particles we obtain upper limils for their coupling to fermions:

Mjlp-v--_- lﬂ'ﬂ (.}EV i
Mf).lr’_ 10 GeV . (30]‘

!Q’fﬁ;_ri ff-:‘_2 L4 10_3,

|'15_|p|“::_:2'lu E..

Now we consider the case ol iight (zero mass) scalar and pseudo-
scalar (axion) particles. The one loop contributions are (see (10))

2 : l a3 o
Ap iMF={]:1;1 Ag i.-ﬂrfer::{;- (31)

In the considered two loop approximation the largest contributions
arise from fermion loops with electrons and muons

o

AP =143 &
' n

q ¥

(4) i 4
A!—' J Mp=0—" _Jé_.

=, : Hi=

AY ?__3_ AP, =120 2% (32)

T

For large loop fermion masses we obtain the expressions

i4) - G T m o
Ap mIuzM,= "5 T (lfl : + T) ;

I I

AW 2k M

AS| msus = B (I-”,T + ;;) (33)
i0

One Loop A" and Ratio of Two to One Loop Contribution A*'/A® jor Several Loop Fermion

Masses m and Masses of the Scalar Particle M,

I
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(2)

Ay’ and AY/ALY Contributions for the Pseudoscalar Particle

Table 2

100 GeV

—_

—r T

0.184
0.233

0.983

0.333
0.383

(0.434

L
£

B0 GeV

9.67-107°
2.33.

8 GeV

1.00-1077

0.106
15
0.205
(0.256
0.308

6.12.10~°

(0.361

0.413
0.465

2

0.146
0.192
0.229
0.260
0.286

8.38-10

(.309
0.329

0.347

(.364

Apirald

iy

P e e

0.210

0.217

0.224

§ 1 e

3.69-

e e T T S I

4.60- 10~

4

10

[
L2

2

7.96-10~

4

1.29-10

— e e e ]

Mp (GeV)

0.0

10
20
30
40
50
60

12

70
80
90

100

We conclude that for light scalar and pseudoscalar particles the
two loop diagrams with fermion loops are completely neglectable
compared to the one loop result. The coupling constants, estimated
from (4), are

' apl <5-107%  |agl <1078 Mg=M,=0. (34)

Additionally we remark the following: some restrictions on
mass, width and coupling constants to fermions of heavy pseudo-
scalar and scalar particles can be obtained studying the deviation
of QED predictions in the two photon production of high energy
ete -annihilation. The source of deviation for the considered inter-
actions (9) arises only from fermionic anomalies. We obtain the

single photon angular distribution
1

. ’ 2 2
et ‘Z 1y ((--2—1:? — 1? —2]—:':1:[1;') ‘
gt e 2y aa® 14-cos™0
da T ” el 70 73 o
2E° 1 —cos70 2a(4E-— Mg 4+ M ')
d cos B

; i PR iy |f
2.2 el [ el 3o o e
oL q._;:l |z r”:ll (( 2 E]I 2 ) fﬂ!:]ll')
/

D ((4E— M)+ ML)

-+ | —cos™0~1. (35)

Here 0 denotes the angle of the photon in the cms of ete -beam,
2E —the total energy. The first part in (35) corresponds to the
lowest order QED contribution eTe —2y. The remaining two parts
consider the e'e -annihilation into intermediate scalar and
pseudoscalar particles followed by a two photon decay via the tri-
angular anomaly in the lowest order. m; denotes lhe loop fermion
mass, pj=In (4E?/m?). In eq. (35) we have neglected interference
terms of order O(m./E) compared lo one. ;

We summarize our results. The contributions of fermionic ano-
malies in the lowest order of perturbative theory to the weak part
of the muon magnetic moment have been calculated. For three lep-
‘tons in the fermion loop we oblain (see (23) — (25))

: —23.107 "= —17.1/sin* 20 - 10~ ", (36)
We expect for light quarks in the fermion loop a result of the same
order. Important two loop electroweak corrections to a, can also

arise from diagrams with electroweak gauge bosons which have to
be calculated in the future. ;

13



Using the uncertainly in a, we have found restrictions on

coupling constants to fermions of possible heavy and light pseudo-
scalar and scalar particles (see (30), (34)).
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