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TORONS, CHIRAL SYMMETRY BREAKING AND (1) PROBLEM
IN QCD AND SQCD

Ae.ResZhitniteky

. The new class of self-dual solutions with fractional to-
pological charge in SU(2) gauge theories is considered. The so-
lution is defined on menifold with boundary, it has topologl-
cal charge (& = 1/2 and action g‘:;;z ¢ « The contributi-
on of the corresponding fluctuations fo chiral condgnaateﬁ
<Py>» < 1% in 5QCD is calculated end it is consistent with
Konishi anomaly. For the fermion condensate in quﬂé?i;h
,%z/pé =$ , M >0 ﬁ% we find < ww>= 721,

NS = 5% Eéﬂjﬁj ﬂ?ﬁf . The unbound resonances of the
continuum &t .~ A = O play e crucial role in this calculation.

1. Introduction

At this time the best-known example of a nonperiurbative
fluctuation is the instanton [1]. The integral nature of the
topological charge & is in that case related to the compac-
tification of the space to sphere, i.e, with the identifica--
tion of all infinitely distant points. The choice of other
boundary conditions could result in fractional topological
charge. In particular, in gluodinamics with the SU(N) gauge
group the introduction of so-called twisted boundary conditi-
ons [2] permits solutions of the classical equations - %orons

[3] - with @=%A/, #-94..# eand with action §=°77W.
However, this solution is defined in a box of sizes z;u and
exists only if the ratios of the sizes gag of the box satis-
fies certain relations. Besides that the introduction into the
theory of fundemental representation of fields (quarks) is ra-
ther difficult because of special (twisted) boundary conditions.
Moreover, the ﬂtanﬁait quasiclassical calculations of gluino
condensate <A%> in SYM [4], based on 't Hooft's solution [3]
are unrelisble because é?ﬁk+an)atﬂﬁ . Therefore, 't Hooft's so-
lution [3] can be considered only as an illustrative example
with fractional & .

The solutions with fractional & , can be formulated
[5,6] in some way other then 't Hooft's solution. Our solutions
[5,6] is defined on two Riemann sheets (for SU(2) group); the
physical space is one of them. There are an alternative points
of view on toron" solution. They are connected with the consi-
deration of manifold with boundary or description on orbifolds
(in a more details see Refs.[5,6]).

What physicael effects arise due %o solutions with frac-
tional ) ? These effects appear most glaringly in supersymmet-
ric variants of the theory. In particular, in supersymmetric
Yang-Mills theory (SYM) with SU(2) gauge group, instantons gi-
ve zero contribution to <A~ and cen ensure nonzero values on-
ly for the correlator < A, Aﬂky>'(for review, see Refs. B, &8).

* We keep the term "toron" introduced in Ref. [3] for _self-dual
solution in © -model [5] ond in gauge theories [6] as well.
By this means we emphasize the fact that the solufion minimil-
zes the mction S and carries topological charge @ = 1/2,
i.e. possesses all of the characteristics ascribed to the to-
ron




The torons generate the condensate <A*>. Corresponding calcu-
lations, based on 't Hooft's toron solution were carried out
in' Ref.[4]. Analogous calculations based on our solution,
which may be understood as the point defect with size A>T
and which admitts introduction of the fields in the fundamen-
tal representation, were carried out in Refs.[5,6]1.

This is precisely the purpose of the current letter te
find & toron measure and to calculate the chiral condensates
in the theories with fundasmental representation of fields -
SQCD and QCD.

The difference with the SYM case [6] is that in SYM toron
effects mey be reconducted to fermionic zero modes (ZlM); in
SQCD and QCD quesi-zero modes at A2C play a crucial role.
Moreover, ZM of quarks are absent in toron's background, it may
be seen from anomaly equation.

2, The toron measure and condensates in S5QCD

We shall follow the notations of [6] and consider the to-
ron measure in SYM [6]:

Mot JE =
Zgyy = € j'f“ 'E'Q’Y/‘J//jg/ (1)

47"
Here the factor &yp/- g2

action; d’i@ corresponds to integration over the four collec-
ive variables (translations of tcron);zéﬁg?f' /8 the regu-
lator contribution, corresponding to the fuu%a%entianed above;
lastly, ‘7334% ig connected with two gluino ZM; e is
the numerical const, £ # Q.
The expression (1) ensure nonzero value for <’£%>'and

iga connected with the c¢lassical

correct renormalization group dependence as well [6]:
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<jz/2£> :Ef Aﬂf{-’afp
We pass now to the analysis of toron megsure in S5QCD. In
this case we have additionally the two factors ds  and q}
connected to bosonic and fermionic guara-tic functional integra-
tion around the toron.

=i

", -
Z__;;QC_D :Zsyﬁ (ﬂf/ /ﬂg/

il R
I Y 3 -__,jfﬁf/ (3)
ﬁ.; < ﬂgz.//_-'j - At 2 ﬁg *ﬁfz%'a'ffam*

Here the regulator contribution is undermined, although not ex-

plicitly indicated. Formal manipulation of ﬁ; allows us to
write [9]:
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The symbol 273 denotes a trace over space-time, Dirac and co-
lor indices. As is well known, the last term in (4) is connec-
ted with the index of Dirac operator, actually independent of

/7?7  and equal to topological charge ¢  of background fi-
eld [10]. The first term in (4) cancels with A2 and we ob-
tain:

| O
mjé g#iﬁ'qamu :Qﬂf/"’ 5 Z—nggj i //f/.{,/ (5a)
£
»*ds
7?7[‘52*/??4/: 67 (5b)

In particular, in instanton case with = 1, the expression
(5) corresponds simply to ZM contribution, i.e. i?”ﬁbﬂAé .

In toron case with fractional topological charge (& = 1/2
for SU(2)) the ZM of quarks are absent, but formula (5b) is
still correct. The l.h.s. of (5b) in this cagse is determined
by quasi-zero modes ("unbound resonance at A =0 [11]). From
mathematical point of view, this phenomenon is connected to
definition of our solution on manifold with boundary and the
index theorem should be modified (in & more detail see Ref.[5]).
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The formula (5) implies that for #7>& Aphlral limit) the
toron measure ZSQC_D depends on "," as /7:'31/2' sy ls€e we
heve fractional degree of "," for each flavor.
Collecting all the factors (3)-(5), we get for the foron
mesure the following expression:

< AL "/f@/ﬁ//g (6)

We shall celculate now the gluino condensate in SQCD. At
this point the calculation proceeds exactly as in the pure SYM
case (2), [6]. The only difference is that now the invarient
appropriate to SQCD and the corresponding ? function will ap-
pear, Hence (for equalw; ):

2%@&@ =6

M . A% o =
3 7 3- /2 32 74
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One finds that the ",, "," - dependence of eg.(7) is just what
is needed [8]. At this pdint one cen make use of the Konishi

anomaly [12],

il

2 ?z,gf;» - mCPE>

347t (8)

and find the value of the scalar field condensates. However, &an
independent determination of them is possible and will provide
& veluable consistency check of our approach. The results of
corresponding calculations (fig. 1) is in agreement with the
eq.(8) and will be published in Ref.[13}
Let's note that each kind of configurations ( instantops

[8] and torons) gives a contribution satisfying all the consis-
tency checks (in particulary (8)). However, numerical facigrs
do not egree with each other, and they differ on factor ffE; ’

C=277% (details in Ref. 13 ). Up to now we don't know the

origin of this difference.

)

3. The chiral condensate in QCD

We pass now to the analysis of toron measure in QCD. In
this case factors ﬁagéﬁ and {H&fﬁﬁl(ﬁ} are absent, but we
8till have to .include in the measure (6) the nonzero modes.

We pause briefly to mention the contribution of the non-
zero modes. Up to logarithmic accuracy, the total contribution
of the nonzero modes can be easily calculated with the help
of the usual Feynman diagrams, as was done for gauge theories
in Ref. [14] + The effective addition to the action is determi-
ned by Fig. 2. (for gauge fields) and Fig. 3. (for fermion fi=-
elds) and equals:

(9)
i//
syl B[ Y7 G o~ O3/

Let's remind that the first term in eq.(4) in SQCD cancels

with ﬁg + In the case 6f QCD under consideration the first

term in eq.(4) is small at 47 +¢ and up to logarithmic ac-

curacy equals 3/2 #2775 o (sgee Appendix of Ref.[13]).

So, this term gives a negligible contribution to the toron mea-

sure. ; -
Collecting a1l factors together we obtain the following

expression for the toron density in QCD with A4 =2 :

A// ;
s G A o

Here A ¢ is the regulator of our toron solution, which

may be understood as the point defect with size aA+>¢ ., The im-
portant difference with the supersymmetric case is that in su=-
persymmetric theories the regulator A in the expression for
the toron mesure is absent because of cancellation of NZM con-
tribution. In QCD - case the dependence on A appears. In par-




ticulary for ﬁ{az’ we have Z"‘?C-ﬁ"* ﬁ’ff' A7 % P &
obviously that the limit A =& can not be taken in this
expression because quasiclassical calculation is correct only
for smaell toron density Z<</ . Indeed, it may be shown [13]
that interaction is very essential and we can't calculate any-
thing in this case. The case of the QCD with N =2 Vel X4
(in more general Ay =44 )*i calls for particular attention.

In this case the toron measure:

3 7 P
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do not depand on a. From technical point of view this case
reminds superayimnetric theories because of cancellation of
NZM.

We pass now to the calculation of chiral condensate in
QCD with Af=Af =2, »7 2O . In this case quasi-zero mo-
des play & crucial role, as 1t was in the analysis of toron
measure (5), (6). Namely these modes can cancel the small quark
mags /7?>¢ in front of the expression Zpep(11) and cen ensu-
re the nonzero values for condensate <¥¥> at m=>0

By definition, we have:

i, /yﬁ;@ i |

/5w 2

e

Here ¥ - any from flavors {V,ﬂ/) and factor ¥ ¥ gets rep-
laced by Green-function in the toron background. The evaluation
of eq.(12) is now straightforward:

- '] >
F D R < ¥ ol

: £ y - E/f;é/
e el in Sl F0i - (13)
/ Sium*] / [-0% "]
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The first term in (13) gives a negligible contribution

as before (see text under the eq.(10)); the last term in (13)
actually independent of /77 and equal to topological charge ¢/

¥ It is exactly theory of strong interaction at N =N} = 3, 2750

of background field (4), [10]. Antitoron gives the same value,
go that:

= Z
" < AR - - * i
(t"‘!w'\’:f"-f;}m: . _Kﬂi&fp /?f-fﬂj'p =cfh_; .:55'/?/’.0/‘/2/ (14)

The constant 4£ may be calculated and it is equal fto: =
Zw"z..??ﬁ’,rﬂ/j}jf,ef /737 . It is our main result. The mechanism
of chirael symmetry bresking under consideration reminds the
one of Ref.[15]. In both cases <¥w¥> # because of quasi-
zero modes at A > ¢ . The difference is that now the quasi-
zero modes at A2 >¢& are inherent property of configurations
with fractional ¢& .« In Ref.[15] this effect is due to in-
gtanton interaction. As is well known, the nonvenishing of the
condensate (14) indicates spontaneous breaking of chiral sym-
metry and correlator

/7. = Jhe P ATS 0 ally), S Geff)> =- <F o
/ﬂa-;’? i
ymst tend to infinity when /7?2 . The evaluation of l.h.Se
(15) is now straightforward. We replace a?'fcjﬁ”?’cg/ by massive
Green-function in the toron background end integrate over the
collective coordinates .;?”ffg . We don't know the closed form
for the inverse of the operator \51‘ 77 for non-vanishing
masses. Fortunately, the evaluation of integral Zr ﬂ”j’ﬂgra-
duces to well-known expression (5b), which is actually inde-
pendent of .~ and equael 1/2 and to expressions like the first
term in (13), which gives a negligible contribution at /7 >&
[13]+ The results of corresponding calculations is in agree-

ment with eg. (15) and will be published.
4, U(1) - problem and & - periodicity puzzle.

As ig well known it is very difficult to satisfy the ano-
maly ward identities ( W< )

L s ' "-j
[ STLOl), Glof =51 < p7p> = f &1 3
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in the standart instanton picture (see Ref.[ﬁﬁ] and references
there in). On the other hand, the U(1) problem arigses with con-
densate (14). Without any spontaneous bresking of chiral sym-
metry there is no U(1) problem. So, in any consistent mecha-
nism for chiral breeking the U(1) problem must be solved in
automatic way. We shall compute now the correlators (16), (17)
in egreement with W.I. An independent determination of W.I.
will provide a valuable consistency check of our approach.

The evaluation of eqs.(16), (17) in now straightforward
because the integrals ﬁ’&l/ﬁ} ( % from the measure (11))
are factoriged, and calculation reduced to egs.(12,13) and
VA

It is very important that r.h.s. (16) is of the order of:
/77" end r.hes. (17) is of order +7° as it should be. Purthe-
more, the condensate ¢4 > depends on & as

SRR = B S G F R (18)

becausge:

(19)

in agreement with W.I.[16].

The author wishes to thank V.Chernyak, D.Dyakonov, V.Pet-

rov, A.Vainshtein for stimulating and valuable discussions.
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